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Abstract

We give counterexamples for the modification on Malle’s Conjecture given by Tiirkelli.
Tiirkelli’s modification on Malle’s conjecture is inspired by an analogue of Malle’s conjecture
on function field. As a consequence, our counterexamples show that the b constant can be
different between function fields and number fields. Along the same line, we also show that
Kliiners’ counterexamples give counterexamples for a natural extension of Malle’s conjecture
on counting number fields by product of ramified primes.
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1 Introduction

1.1 Malle’s Conjecture

It is a standard result in algebraic number theory that there are finitely many number fields
with bounded discriminant. It is then natural to ask how many number fields there are with
bounded discriminant. Malle [Mal02l [Mal04] gives a conjectural asymptotic answer for this
question. For each number field F'/k with degree n, we define the permutation Galois group
Gal(F/k) to be the image of Gy, in S,, induced by G}, action on embeddings of F into k. Given
a transitive group G' C S,, we denote Ni(G,X) to be the number of subfields F' C k with
Gal(F/k) = G with relative discriminant Nmy, o(disc(F/k)) < X. The conjecture states:

Conjecture 1 (Malle’s conjecture over Number Fields, [Mal02, Mal04]). Given a number field
k and a transitive permutation group G C S,,. There exists positive constants C(G, k), a(G) € Z
and by (G, k) € Z such that

Ni(G, X) ~ C(G, k) X1/ E) oghm (G:R)=1 x (1.1)

Malle also gives a precise conjectural value for a(G) in [Mal02] and for by, (G, k) in [Mal04], see
Section [2] for precise description of Malle’s proposed constants. Here we use the subscript in
b (G, k) to distinguish it from the true value b(G, k) for powers of In X.

Progress has been made towards this conjecture [Wri89, [DH71) [DWS8S| [Bha05l [Bhal0), KIii12]
KIi05bl, [CyDO002], Wan21l, MTTW20, BW0S, BF10), KP21, KW21]. The integer a(G) has been
widely believed to be true. In all cases towards Conjecture [I| where the asymptotic distribution
for Ni(G, X) is determined, the true value matches the conjectural a(G). Conjecture [1}is also
sometimes termed as strong Malle’s Conjecture, in contrast to the weak Malle’s Conjecture where



Ni(G, X) is predicted to be bounded between X1/a(G) and XV/G)+e agymptotically. Recently,
work of Ellenberg-Tran-Westerland [ETW17] proves the upper bound in weak Malle’s conjecture
for every permutation group G over global function field k = IF,(¢) with large g relatively prime to
|G|, which gives a strong evidence towards the validity of a(G). Kliiners and the author show that
the upper bound in weak Malle’s conjecture over number fields is equivalent to the discriminant
multiplicity conjecture in general, and the latter is proved for all nilpotent permutation groups
in [KW21]. For solvable groups, the discriminant multiplicity conjecture is simply equivalent to
{-torsion conjecture, and the latter is shown to be a consequence of a much weakened version of
Cohen-Lenstra type heuristics [PTBW19].

The integer b(G, k) is more mysterious. In 2005, Kliiners [Klii05a] gives counterexamples to
Conjecture [1] by noticing that certain intermediate cyclotomic extensions can contribute larger
exponent for In X than Malle’s prediction by (G, k). Among these counterexamples of similar
spirit, the most famous one is the wreath product C3 Cs: it is noticed that the number of
(51 Cy-extensions containing the cyclotomic field Q(us) is already contributing higher powers of
In X than by, (G, Q). Kliiners also show the correct value b(G, Q) for this example. Essentially,
due the presence of intermediate cyclotomic extensions, one can follow the same construction to
show that Conjecture [I] is inconsistent with itself in general, without proving any distribution.

1.2 Tiirkelli’s Modification: inspiration and comparison with function
fields

Like many problems in number theory, we can study the counterparts over global function
fields. Conjecture [1] over global function fields can be stated in a similar way (see Section (3| for
explanations on why we do not conjecture an asymptotic distribution). We state the Malle’s
conjecture for global function field, exactly as how [Tiirl5l Conjecture 1.1] formulates it:

Conjecture 2 (Malle’s Conjecture over Function Field). Given a global function field Q and a
transitive permutation group G C S, with (|G|, ch(Q)) = 1. Define a(G) and by (G, Q) as in
Conjecture[l Then

No(G, X) = (X6 pbu(G@-1 x, (1.2)

Kliiners’ counterexamples also hold over global function fields if we allow constant extensions
contained in G-extensions.

In order to accommodate these counterexamples, Tiirkelli in [T1irl5| gives a modification of
Conjecture [1| by proposing a new b-constant by (G, Q) for both function fields and number fields,
see Section [2.2] for the description.

Conjecture 3 (Tiirkelli’s Modification [Tiirl5]). Given a transitive permutation group G C S,
and a global field Q with (|G|, ch(Q)) =1,

It is based on an extension of Ellenberg-Venkatesh’s heuristic argument, where b(G, Q) is
related to the number of geometrically connected components of Hurwitz spaces and both a(G)
and by (G, Q) are shown to match the true counting function when enumerating extensions with-
out constant fields [EV05] (under the heuristic). Tiirkelli’s new input is to consider G-extensions
L/Q with the fixed subfield LYV being exactly the maximal constant extensions contained in G.
This extension of heuristics then leads to a conjectural distribution for such L, given explicity
in [Thirl5). It is then natural that on the function field side the modification is to take the sum



over all possible constant extensions. To translate the problem to number fields, Tiirkelli simply
considers the sum of his heuristic distribution over all possible abelian extensions with Galois
group a quotient of G.

In this paper, we give counterexamples for Conjecture [3] in Theorem [I.3] We demonstrate
the key idea via a simple example:

Example 1.1. Let G = C31Cy C S12 and ged(q, |G|) = 1 and q large enough comparing to G.
We have

br(G,Q) = b(G,Fy(t) =2, b(G,Q) =bu(G,Q) = 1.

With C4 in place of Cs in Kliiner’s counterexample has forbidden the existence of the cyclo-
tomic field Q(us3) as an intermediate extension over Q. We now make a couple comments on
this example. Firstly, it is probably surprising that in this example the prediction of Malle is
correct whereas the the modification of Tiirkelli is not! Secondly and more importantly, even
when a number field and a global function field have the same relevant cyclotomic extension
Gal(Q(uq)/Q) for d determined by G, it can happen that the b-constants are different! Thirdly,
when Gal(Q(uq)/Q) are the same, it seems that there exist more field extensions on function
field side.

We now demonstrate the reasoning behind the example and the last comment more carefully.
Given a finite group G and G/N a quotient group, the study of whether a particular G/N-
extension can be embedded to a G-extension is called embedding problem. 1t is a study with
rich history and theory, and historically play a central role in solving inverse Galois problem
for solvable groups. A particular embedding problem becomes necessary in studying b(G, k) in
Conjecture (I} given a fixed cyclotomic extension, i.e., k(u,) with Gal(k(uy)/k) being a quotient
of G, can k(u,) be embedded into a G-extension. We formulate precisely the following question:

Question 1.2 (Embedding Cyclotomic Extensions). Let @ be a global field. Given a surjective
group homomorphism 7 : G — B and a cyclotomic B-extension F/Q (equivalently a surjective
continous group homomorphism ¢ : Gg — B that factors through), does there exists a surjective
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In Example we can easily see that an Cjy-extension cannot contain Q(us) because one
encounter both local obstructions at p = 3 and p = co. It seems quite difficult to solve this
problem in full generality. We will discuss some cases in Section [4] which suffices for proving
the following theorem, giving an infinite family of examples where b(G, Q) is bounded between
bT(G, Q) and b]u(G, Q)

Theorem 1.3. Let ¢ be an odd prime number and d = [[,p;" # 2 where p; are all prime
numbers. Let G = Cy 1 Cq C Seq with (|G|, ch(Q)) = 1, Gal(Fq(t)(pe)/Fq(t)) = Gal(Q(ue)/Q)
and q large enough comparing to G. Denote ged(d, ¢ —1) =[], pj". Let s = valy({ — 1) — 1 when
valp(d) > vale(¢ — 1) and s = 0 otherwise. Then

bT(G7Q):b(G,IE‘q(t)):pri, b(G.Q = [] pi-2°, bu(G.Q =1

i,Ti:Si



In particular, there exists G C Sy, such that Gal(IF,(t)(ue)/Fq(t)) = Gal(Q(ue)/Q) and b(G,Fy(t)) >
b(G,Q).

We exclude d = 2 only because b(G, Q) is not proved over number fields currently due to the
lack of good ¢-torsion bound. One can construct more examples along this line, either in wreath
product or non-wreath product. We don’t try to expand in that direction here. Theorem [I.3]
provides family of infinite examples that are simple as groups, and also indicates the robustness
in the comments we make after Example Therefore we make the following conjecture:

Conjecture 4. Let k be a number field. Then for any transitive permutation group G, we have
bv (G, k) < b(G, k) < bp(G, k). (1.4)

It is worth mentioning that at this moment, the issue from embedding problem in Tiirkelli’s
modification seems to only exist for number fields. We are not aware of any counterexamples
over function fields, either for Conjecture [Bor Problem [I.2} Given Theorem [I.1] it seems to be
plausible to expect we don’t have such failures for Problem over function field. Though a
positive answer in full generality seems to be difficult to prove.

1.3 General Invariants

Malle’s conjecture is also interesting because of its connection to other asymptotic ques-
tions. In fact, field enumeration naturally occurs when one studies statistical questions for all
G-extensions as a family. For example, it is exactly the denominator appearing in Cohen-Lenstra
type heuristics. Choosing the ordering for field enumeration is important from this perspective.
It has been noticed that ordering field by discriminants does not always produce the predicted
average number from Cohen-Martinet heuristics , e.g. G = Z/4Z [BLJ20]. In fact, this phenom-
ena already exists for G = Dy in [CyDO02] and Kliiners examples of wreath product [KIi05a].
To avoid such problems, people have worked in the past with conductor or product of ramified
primes [Wool0l [ASVW21]. Tt is suggested first in [Wool0|] to use product of ramified primes
as the counting invariant and is conjectured by [BLJ20] that it is always good for the purpose
of Cohen-Lenstra heuristics, and is actually used [LWZB19] on Cohen-Lenstra heuristics over
function fields for general Galois groups. With notations introduced in [2] it naturally extends
Conjecture |1}, Conjecture [2| and Conjecture (3| (with all counterexamples carried over):

Conjecture 5 (Generalized Malle’s Conjecture). Given a global function field Q and a transitive
permutation group G C S, with (|G|, ch(Q)) = 1. Let inv be a counting invariant(see Definition
. Then there exists positive constants a(G™) € Z and b(G™, Q) € Z such that

NQ(Gim}, X) — @(Xl/a(gmv) hlb(Gim’,Q)fl X)7

where b(G™, Q) = by (G™, Q) (replace © with ~ when Q is number field). Similarly by (G™)
given in[g is the analogue of Tiirkelli’s modified constant.

The reason for aforementioned issue is very often concluded to be the following group theoretic
reason. In the upcoming paper of the author with Alberts, Lemke-Oliver and Wood, we define
concentrated groups, to capture this feature:

Definition 1.4 (Concentrated Group, [AOWW?24|). We say a transitive permutation group
G C S, is concentrated, or concentrated in N, if there exists a proper normal subgroup N such
that

(¢9 | ind(g) = minind(g)) C N, (1.5)

g7e



(see definition of ind(-) in Definition . More generally, given an counting invariant f (see
Deﬁnition, we say G is concentrated in N with respect to f if (g | f(g) = ming. f(g)) C N.

If G is concentrated with respect to discriminant or some other invariants, then the number of G-
extensions with a fixed G/N-quotient is expected to be positive density among all G-extensions.
In fact, this is exactly why the method in Alberts-Lemke-Oliver-Wang-Wood [AOWW24] is so
effective in proving many more cases of Malle’s conjecture when G is concentrated. We term
this phenomena on the field counting side by

Definition 1.5 (Big Fiber). Let F(G™, X) be the number of G-extensions K with inv(K) < X.
We say a field counting question G over base field Q has a big fiber over M if there exists a
nontrivial field extension M # @Q such that

i inf H{K e F(G™, X)| M C K}

T K eF e, xy (1.6)

It is very tempting to imagine that G being concentrated is equivalent to the existence of
big fiber(s) in counting G-extensions (with respect to any invariant), or even stronger, that G
being non-concentrated is equivalent to guarantee a good constant like an Euler product, which
suggests good independence among different p. Unfortunately, both hopes are not true. In fact,
even for G = S, the field counting question S32¢ with product of ramified primes is already
proven by [ST24] to have one big fiber over Q(u3), even though Ss is not concentrated with
respect to product of ramified primes, not to mention the constant being one Euler product!

It is exactly for the same reason for Kliiners to get his counter examples and for S5*? to have
one big fiber. It is then very natural to push this reasoning further to get counterexamples for
Conjecture [f for general non-concentrated invariants.

Denoting bys (G4, Q) to be the b-constant appearing in Conjecturefor counting G-extensions
by the product of ramified primes, we show that actually the original counter example of Kliiners

are already counterexamples for Conjecture

Theorem 1.6. Let £ be an odd prime and G = Cp 1 Cy_1. When £ > 5, we have
b(G™, Q) > by (G, Q).

In fact, the lower bound is exactly established from counting G-extensions containing the Q(g).
We also show the same phenomena to hold for other groups G = Cy 1 C,, with m|¢ — 1 among
Kliiners’ counterexamples, see Lemma [3.3]

We make a couple comments on these examples. Firstly, though it seems surprisingly simple,
somehow it has been ignored by experts, see [KP23]. Secondly as it can be seen, such a problem
does not require subtle constraints on the underlying group structure of G. To indicate this in
contrast to nilpotent examples in [KP23|, we also give a convenient infinite family of nilpotent
examples.

Theorem 1.7. Let £ be an odd prime and G = Cp2 1 Cy. When £ > 3, we have
b(G«md7 Q) > bM(GTad, Q) (17)

Thirdly, so far Theorem |1.6{and Theorem[1.7|only takes advantage that by (G4, Q) < by (G™4, Q)
(as well as examples in [KP23]), we also expect counterexamples towards by (G4, Q) following
the same spirit of Theorem [.3]in Example 3.5] Finally these examples show that there doesn’t
seem to exist a unifying invariants, discriminant or product of ramified primes, that solves all
the trouble once and for all.



1.4 A New Proposal

Now in retrospect of both types of examples represented, the intermediate subfield contain-
ing/not containing roots of unity can affect b constants easily from different mechanisms. We
don’t try to design any invariant to suppress the influence from roots of unity. The solution
we propose in the following is a refined version of Malle’s conjecture with general invariants
following the exact spirit from global function fields, where G-extensions with particular fixed
constant extensions are naturally grouped together. Here we split up No(G™, X) to a finite set
of subquestions according to the intersection of G-extensions with relevant cyclotomic extensions:

Conjecture 6 (Refined Malle’s Conjecture). Let G C S,, be a finite group, Q a global field with
(1G], eM@Q)) = 1. Let d = lcMexp(g)=exp(c) 0rd(g). For any cyclotomic subfield F' C Q(uq) with
Gal(F/k) = B and a surjection 7 : G — B, we define Ng .4(G"™,X) to be the number of
continuous surjective liftings ¢ such that:

e it makes the diagram commute:

Gaq
2y
»
0 —— Ker(nm) G ——B 0

o the fized field K(¢) associated to ¢ satisfying K (¢) N Q(uq) = F

o im(K(¢) <X
We congjecture that either the above embedding problem is not solvable and Ng .4(G™,X) =0
or

NQ7W7¢(GZ.”U,X) _ @(Xl/a(w,¢) 1nb(7r,¢)—1 X), (18)

(when Q is the number field, replace © with ~) where

a(m, ¢) == min{exp(g) | g € Ker(m)},  b(m,¢) := |Conin(N"™") /Gl = bs(G™", Ker (), Q),
(1.9)
where Cpnin(N™) is the set of conjugacy classes of Ker(w) with exp(g) = a(m,¢) and Ggq acts

on it via the ¢-twisted action, i.e. 0(Cy) = o ! -C;“yc(a) o

It then follows as a consequence of Conjecture [6] that

Conjecture 7. Given a transitive permutation group G C S, and a number field k. Denote
d = lcmyg ind(g)=ind(q) 0rd(g). We conjecture that
b(G, k) = max max by (G, Ker(¢) = N, k), 1.10
(G.h) =, max  maxby (G, Ker(6) = N, k) (1.10)
where ¢ ranges over the finitely many continuous surjective maps ¢ : Gy, — G/N such that: 1)
¢ exactly cut out a cyclotomic subfield F C k(pq); 2) ¢ can be lifted to ¢ mla

Comparing with Theorem [2.12] we now have one more condition about the lifting property of
¢. It is not entirely clear that we have realized all issues for understanding the b-constants. At
the very least, we formulate Conjecture [6] to emphasize the importance of the counting function
Ng.».6(G™, X), which is the exact analogue of Tiirkelli’s context in global function fields. We



mention that Ng . 4(G,X) is brought up for nilpotent extensions with discriminant [KP23,
Conjecture 5.1] without noticing the issue of lifting property.

Finally, we give the organization of this paper. In Section 2 we discuss predictions of b(G, Q)
in all situations. In particular, we give a simplified definition of by (G, @) in Theorem In
Section (3 we verify b(G, Q) in all examples we listed in Theorem m Theorem and Theorem
This includes computing the predictions from the group theoretic side and carrying over
inductive argument to prove the true b. We also discuss the differences for counting function
field and number fields. In Section[d] we discuss the difference of Problem [I.2) over function fields
and number fields, and give the explicit criteria when G is solvable and G is abelian respectively.

2 Description of b(G, k)

In this section, we give a precise description of Malle’s prediction by, (G, k) and Tiirkelli’s
modifiction by (G, k). Although the original conjecture of Malle and Tiirkelli are both made only
discriminant, for efficiency in discussing all theorems together, we define them with respect to
general invariants once for all.

Following the spirit in [Wool0), Section 2.1], we give the following definition:

Definition 2.1 (Counting Invariant). Let G C S,, be a finite permutation group and C(G) be the
set of conjugacy classes of G. Let Q be a global field. Let exp : C(G)\{e} — Z=o be a function
where exp(g) = exp(g*) for any k that is relatively prime to ord(g). For each place v||G|- oo, we
define exp, : ¥, — Z>o where ¥, is the set of continuous group homomorphisms p, : Gg, —
G C S, (up to conjugation in Sy, ). Then for each G-extension K/Q with Gal(K/Q) ~ G C S,,
equivalently given by a continuous surjective group homomorphism pi : Go — G, we define the
counting invariant for K associated to f and f, to be an integer denoted by inv(K):

ino(K) = [T [o|*® @) TT exp,(po) TT 0P, (2.1)

v||G] voo gile]
where y, is any tame inertia generator at v in Gal(K/Q).

For a general invariant inv, we use G"Y to denote the counting question with inv and
Ni(G™, X) to denote the counting function. For example, G**¢ denotes the counting ques-
tion with radical of discriminant. When we do not specify the invariant, our counting invariant
for G C S,, is the usual discriminant.

2.1 Malle’s constant by, (G, k)
We first describe the a(G) constant in Conjecture

Definition 2.2 (Index). Given a transitive permutation group G C S, we define the index for
gFeecGCS, to be
ind(g) :=n — g{cycles of g}.

Since conjugation does not change the cycle type in S, , it is well-defined that the conjugacy class
C4 associated to g has
ind(Cy) := ind(g).

Then index of G is defined as
ind(G) := minind(g).

g#e



The integer a(G) is exactly ind(G). Notice that ind(-) is exactly the function exp(-) when the
counting invariant inv is discrminant, we in general define

a(G™) := min exp(g). (2.2)
g#e
We denote Cpnin(G™V) to be the set of conjugacy classes C of G with minimal exp(C). We
now define the cyclotomic action from the absolute Galois group G on G (the definition of the
action does not require the set is Cppin(G™))

Definition 2.3 (Cyclotomic Action). Given any field @, the cyclotomic character is the canon-
ical homomorphism

—

Xeye : Gal(Q*P/Q) — Aut(pne) C 2% = lim(Z/nZ)* .

We define the cyclotomic action of Gg on a finite group G as o(g) = gXeve(®).

Notice that since G is finite, gX<v<(") only depends on the image Xy.(c) in Z/|G|Z. More
concretely, denote d = |G|, it suffices to consider the image of G¢ into (Z/dZ)*. If ¢ € Gg
maps o(uq) = pn%, then o(g) = ¢*. And one can check o(Cy) = Cya is well-defined. In fact if
a certain group element g € G has order m, then the action of ¢ € Gal(Q*P/Q) on C, can be
already computed as C(gX<v+(?)) via its image in (Z/mZ)* already.

Remark 2.4. Notice that the action factors through Gal(Q(uq)/Q) where d = lemgee, ., (G ord(g).
This means that the base field dependence in by (G™, Q) only depends on Gal(Q(uq)/Q) C
(z/dz)* .

We now define
bt (G™, Q) = [Conin (GT™) / Gal(Q*P/Q), (2.3)

under the cyclotomic action from Gal(@Q*P/Q). Malle in [Mal04] conjectures that for number
fields @, we have by, (G, Q) = b(G, Q) where G stands for the natural discriminant as the counting
invariant. We now demonstrate the computation via the following example. It is also stated in
[KIi12).

Example 2.5 (Wreath Product). Let G = T B C Sy, be the wreath product as a permutation
group, where T C Sy and B C Sp. Since ind((t1,--- ,tp) X b) > ind((¢1, -+ ,tp) X €), we see
ind(G) = ind((t, e, - ,e)) xe where ind(t) = ind(T). It is now easy to see that the only elements
with this index is exactly in such a form. Therefore ind(G) = ind(T) and Cnin(G) has a bijection
With Cpin(T). Moreover the action from Gal(Q®*°?/Q) is identical. Thus by(G, Q) = by (T, Q).

Given the fact that the Galois group of a relative T-extension over a B-extension has Galois
group embedded into 7! B, this example immediately implies that Conjecture [I] cannot be true
in general, since it is not consistent with itself since the total counting of all permutation Galois
groups that arises as a relative T-extension over a B-extension can add up to be smaller than
the number of relative T-extensions for a fixed cyclotomic B-extensions.

2.2 Tiirkelli’s constant b7 (G, k)

In this section, we revisit Tiirkelli’s modification on Malle’s constant b in [T1irl5]. This is of

crucial importance, since it is often not interpreted correctly. We also give a simplified form of
it in Theorem 212



Let G be a transitive permutation group and N C G a normal subgroup and ) a global
field. For each continuous group homomorphism ¢ : Gg — B := G/N, we recall the ¢-twisted
cyclotomic action:

Definition 2.6 (¢-twisted cyclotomic action). Fizx N C G and ¢ : Gg — B = G/N. For each
conjugacy class C,, in N and o € Gg, let & be any lift of ¢(c) € B in G. We define the ¢-twisted
cyclotomic action of Gg on conjugacy classes of N as:

o(Cn) =51 CXeve() . 5.
The action on conjugacy classes does not depend on the choice of &.

Notice that unlike the cyclotomic action, such an action can only be defined on conjugacy classes
of N instead of N, due to non-uniqueness of choice of 7. This action is only defined in [Tiir15]
for abelian and cyclotomic ¢, i.e., ¢ factor through Ggeve — B where QY is the cyclotomic
closure of Q.

Now fix a counting invariant inv for G C S,, and let exp(G) = mingx. exp(g). We can
naturally extend exp to any normal subgroup N C G, and define exp(N) := min,, . exp(n), and

Crnin (N™) := {conjugacy class C C N(conjugation in N) | exp(C) = exp(N)}.

Be careful that here we are taking conjugacy classes of N with the conjugation only coming from
N but not G. We then define for each ¢ that

bs(G™, N, Q) := |Coin(N™) /G| (2.4)

Remark 2.7. In [Tarid] this definition of b-constants is only stated for ¢ corresponding to
abelian extensions. We follow [AIb22] to define it for general ¢. In [AIb22] this particular
by (G, N) is conjectured to describe the asymptotic distribution for general N-torsors over a fized
¢. This is how we should think about it morally. It is justified with a heuristic argument similarly
like how Malle’s original conjecture is justified. It is also verified to be the correct b when N 1is
abelian, parallel to that Malle’s original conjecture also holds for all abelian extensions. However
Kliiners’ counterezample still stands as counterexamples for these more general conjectures.

With this notation Tiirkelli defines that if Sur(Ggeye, G/N) is non-empty then

b(G™, N, Q) := bs(G™, N, Q), (2.5)

max
¢peSur(Ggeye,G/N)
and otherwise b(G'™, N, Q) = 0.

Definition 2.8 (Tiirkelli’s Modified b). Given a global field Q and G,

br(G™, Q) := ma: b(G™ N, Q). 2.6
T( Q) NdG,exp(N}))(zexp(G) ( Q) ( )

For inv = disc, we have
br(G,Q) = max b(G, N, Q). (2.7)

N<G,ind(N)=ind(G)

We remark that Tiirkelli [Tiirl5] only formulates his conjecture for discriminant. We take the
liberty of calling it by for general invariants, with the same spirit carried over.

We make two comments. Firstly, it is clear that b(G™, G, Q) = by (G™,Q) when N = G,
therefore



Lemma 2.9. Given G C S, and global field Q, it always holds that

This also holds for general counting invariant inv.

Secondly, over function field Q<Y€ is simply Q@ - Fp which is cyclic, however over number fields
Q¢ is not, in fact it is countably many generated over any number field. This means that
determining by (G, Q) involves checking for infinite many ¢ for number fields but finitely many
for function fields. Therefore we make the following simplification for number field.

We first give an alternative definition for b,(G™™, N, Q). Given ¢ : Gg — G/N surjective,
denote Q(¢)/Q to be the corresponding G//N-extension. Let d := lem,,cc, . (ninv)ord(n). We
now define the finite group

G = G XGa@@nam) /@ GallQ(ua)/Q))

where the fibering map is defined to be the natural quotient. Under the fiber product notation,
(r,y) € Giff 7 =7 € Gal(Q(¢) N Q(rq)/Q). We now define the action of G on S5, (N?Y) :=
{n € N | exp(n) = exp(N)}:

m,in(

(%y) n = x_l . anyc(y) ..

Notice that Spin(N™)/(Nxe C G) = Cpin(N™), and for any group action X/G = (X/N)/(G/N),
we thus obtain:

Lemma 2.10. Given N C G C Sp, ¢ : Gg — G/N where Q is any global field, and any
counting invariant inv,
bp(G™, N, Q) = [Smin(N")/G]. (2.9)

Now we can compare bs(G™, N, Q) among different ¢, even different N.

Lemma 2.11. Given G C S, Q any global field, and any counting invariant inv. Let Nj,
1 = 1,2 be two normal subgroups of G with exp(N;) = exp(G).
1IfX :={g € G| explg) =exp(G)} NNy = {g € G| exp(g) = exp(G)} N Ny # 0.
Let d = lempex ord(n). Given two surjections ¢; : Gg — G/N;. If the corresponding G/N;-
extension Q(¢;) has (Q(p1) N Q(1a)) C (Qp2) N Q(1a)), then

bg, (G, N1, Q) < by, (G™, No, Q), (2.10)

with the equality happens if the field inclusion is equality.
2) If Ny C Na, let d = lem{ord(g) | exp(g) = exp(G)}. If the surjective homomorphisms
¢i : Gg — G/N; satisfy that Q(¢1) N Q(ua) = Q(¢2), then

b¢'1 (Gi7w7NlaQ) < bd’z (GinvaQaQ)- (211)
with the equality happens if {g € G | exp(g) = exp(G)} NNy = {g € G | exp(g) = exp(G)} N Ns.

Proof. With (Q(é1) N Q(ua)) € (Q(¢2) N Q(1a)), we obtain a natural embedding Gy — G
using the fiber product notation, (z,y) € Gy withz = § € Gal(Q(¢2) N Q(uq)) always satisfy
Z =7 € Gal(Q(é1) N Q(uq)). The action of (x,y) remains the same and the set X being acted
is the same. Therefore the number of orbits with G5 is greater or equal. Therefore we prove
the first statement. Reversing ¢; and ¢, implies we obtain equality when the field inclusion is
equality.

For the second statement, It is clear from the above argument that G = 627 and the minimal
exponent element is clearly a bigger set for Ns. O
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Applying Lemma [2.11] we give the following simplification of computing Tiirkelli’s constant:

Theorem 2.12. Given G C S, Q a global field, and d = lem{ord(g) | exp(g) = exp(G)}. We
have the following equality:

br (G, Q) = by (G, N, Q), 2.12
r(GMQ) = ax | maxby( Q) (2.12)

where the mazimum is taken among ¢ : Gg — G/N that is surjective and factors through
Gal(Q(pa)/Q), that is, exactly cut out subfield of Q(pq)/Q-

Proof. By taking N7y = No = N in the first statement of Lemma we observe now that it
suffices to take ¢ with Q(¢) with maximal Q(¢) N Q(ua) C Q(pa)/Q for any fixed N. Then it
follows from the second statment, if the maximal Q(¢) (not necessarily unique) from last step
satisfies Q(¢) NQ(1a) # Q(¢), it suffices to check the natural quotient ¢ where Q(¢) corresponds

to the Q(¢) N Q(ka)- O
Notice that given Q(uq)/@ being finite, it is now a finite checking with ¢ exactly corresponding

to subfields of Q(uq).
There is no general comparison for by(G™Y, N,Q) in Theorem [2.12} see Example ?? and

Example 3.5

3 Computation of b(G, Q)

In this section, we verify various b-constants in Conjecture[I} Conjecture[3] Conjecture [5| and
the true value.

3.1 Group Constant Computation

In this section, we give the group theoretic computation of predictions for b-constants from
Malle and Tiirkelli.
We first give the computation towards showing Theorem [I.3}

Lemma 3.1. Let ¢ be an odd prime number and d = [], p;* where p; are all prime numbers.
Let G = Cy1Cq C Spq and ged(q, |G|) = 1. If ged(d, £ — 1) =[], p;" then

br(G,Q) = ged(d, 6~ 1) bu(G,Q) = 1.

Proof. By Example we have by (G, Q) = by (Cp, Q) = 1. We now compute br(G, Q). Firstly,
we only need to consider those N D C’g, since Cg is normally generated by any minimal index
element. By Theorem and Lemma [2.11] it suffices to consider ¢ : Gg — Z/ged(d, ¢ —
1)Z correspond to the unique subfield of Q(u¢) with degree ged(d,¢ — 1). We now compute
by(G,N,Q). It is easy to count that |Cpin (V)| = (¢ — 1) ged(d,£ — 1). The action from Gg
factors through Z/gedZ, therefore it is enough to consider the action from the generator of
Z/gedZ. The orbit length for each class is exactly ¢ — 1, therefore the number of orbits is
exactly ged(d, £ —1). O

Remark 3.2. We remark that by a simple group theoretic consideration: in Lemma[3.3
by (CF 1,01 Coy) = bar(Cr, Fy), (3.1)
and in Lemma[3.4)
2
by (CE,, G™, Q) = by (Cp, Fy). (3.2)
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We next give the computation towards showing Theorem

Lemma 3.3. Let ¢ be an odd prime and m|¢ —1 with m > 2, G = Cy1C,, and N = C}J*. Let ¢
corresponds to the unique Cy, subfield contained in Q(u). We then have

b (G™% N, Q) > by (G™4, Q). (3.3)

Form=/{¢—1and{¢>5,
b (G™, N, Q) > by (G™, Q). (3.4)

Proof. The conjugacy classes of Cp 1 Cy—1 come in two types: contained in N and outside of
N. Within N, the class represented by (aj,---,as—1) X e contains all rotations of a;, ie. |,
(@i, @ip1,- -+ yap—1,01," - ,a;—1)xe for certain 7. Outside N, we have (a1, - ,as—1) X0 conjugate
to (by, -+ ,bp—q1)x7ifandonly if r=0 and >, a; =), b;.

We first compute by (G4, Q). We first count the number of Gg-orbits within N. Notice
that the conjugation of G on N purely comes from G/N = Cy_; and all nontrivial elements in N
have order ¢, it then suffices to count the orbits for G/N x Gal(Q(u¢)/Q) acting on X = N\{e}
where (z,y) -n = x - nXeve® . =1 By Burnside’s Lemma, the number of orbits is

X/(G/N % Gal(Qu)/Q)| = ———— 3 |x7], (3.5)

| Cp_q x CF
| -1 XU |g€Cg,1><CZX

Let g = (1, s), then X9 corresponds to the non-trivial eigenvectors of r with eigenvalue s. If r
generates Cy_1, then as a linear operator r satisfies r/=1 — 1 = HA@FZ (r — A) = 0, which shows
that every scalar is an eigenvalue and each eigenvalue has 1-dim eigenspace. Thus we compute
that |X9| for (r,s) is £ — 1 for this case. Similarly, when r has order smaller than ¢ — 1, the
operator r has (¢ — 1)/ ord(r) identical invariant spaces with dimension ord(r), within which all
ord(r)-th roots of unity in F are eigenvalues with 1-dim eigenspace. Therefore if sod(") = 1,
we obtain | X9| = ¢(~1/ord(") _ 1 Now we compute the number of orbits within N is

Z ord('r) . (8(471)/0rd(7‘) . 1) <
reCr_q

1
01— 2)(—1 .N*W?) 3.6
Y i +(E-2)(e-1) . (36)
with the leading term comes from g = e. Notice the total number of classes outside N is (£—2)-¢,
we then have

1 £—2
bar (G729, Q) < (%*1 _ 1) ST ez g9y, 3.7

Now we compute bg(G™4, N, Q) where ¢ : Gg — Cy_1 corresponds to Q(u¢)/Q. By Lemma
2.10] it suffices to consider Gal(Q(u¢)/Q) acts on X = N\{e} via the ¢-twisted action, i.e.,
x-n=x- nXve(® .z~ By Burnside’s Lemma, the number of orbits is only the sum over (r,7)
in previous computation:

1 _ |Xe|+(—2)(t—1) ¢t -1
rad N _ 2 (¢—1)/ord(r) _ 1) > — —2).

It is checked that when ¢ is large enough (i.e. £ > 5) we have
b¢(N7 Grad) Q) > b]\/f (Grad’ Q)
For m|¢ — 1 and G = Cy 1 Cy,, we can similarly compute by (G™4,Q) and by (G™4, N, Q)
where ¢ : Gg — C,, corresponds to the unique C, quotient of Q(ue). The number of conjugacy
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classes outside N is (m — 1) - £. For elements inside N, we consider C,, x Gal(Q(u¢)/Q) acting
on X = N\e to determine its contribution to by (G**4, Q). Thus by Burnside’s Lemma, we have

1
(L—1)m

> ord(r)-(em/ e —1) < oo +m_1-£m/2+(m—1)-£.

rad < _ .

(3.9)
To compute bys(G™4, N, Q), it suffices to consider Gal(Q(u,)/Q) acting on the same set X with
the same action that x -n = x - nXeve(®) . =1 The orbit number is at least

1 Mm—1 m-—1 fm—1
rad N —_ m/ord(?")_l > — . (/-1) = —-1). 1
bs(G*, N, Q) 5*1203 (¢ )= (=) = S +m=1). (3.10)

Therefore for m > 2, we have by (G™4, N, Q) > by (G4, Q). O
We finally give the computation towards showing Theorem [I.7}

Lemma 3.4. Let £ be an odd prime, G = Cp2 1 Cy and N = C’fz, For ¢ > 3, and ¢ corresponds
to the unique Cy-extension only ramified at £ over Q, we have

b¢(N7 Grada Q) > bM (Gﬂld’ Q)

Proof. Similarly with Lemma [3.3] there are two types of conjugacy classes of Cp2 0 Cp. The
description of these classes also follow exactly the same rule. We focus on those contained in N,
since the number of conjugacy classes outside N is bounded from above by (¢ — 1)¢2.

We first compute by (G4, Q). The cyclotomic action from Gg on conjugacy classes within
N is from Gal(Q(p?)/Q). We apply Burnside’s Lemma where X = Cf\{e} acted by C; x
Gal(Q(p?)/Q). The action from Cy is rotation and the action from Gal(Q(u?)/Q) ~ CJ; is
scalar multiplication. We have |X¢| = ¢2¢ — 1. If » = 0 then for g = (r, s) we have | X9| = ¢/ — 1 if
s=1 mod ¢ and | X9 =0 if not. If r # 0 generates Cy and s = 1, then X9 are all the constant
vectors, therefore | X9 = ¢2 — 1. If r # 0 and s # 0, then X9 contains scalar multiplications of
(1,s,---,871)if s* =1 (i.e,, s =1 mod /) and X9 is empty if s* # 1. Therefore summing up
all terms, we obtain that the number of orbits within N is

1

m(£2571+£'(£‘71)+(671).g.(g2,1)>' (3.11)

Now we compute by (N, G™4, Q) where ¢ : Gg — C; be corresponding to the unique degree
¢ sub-extension F/Q in Q(u?)/Q. To count the number of orbits with Burnside’s Lemma, we
have X = N\{e} acted by Gal(Q(1?)/Q). Notice that the number of orbits is at least

|Xe -1
(-1 L(—1) (3:12)
When ¢ > 3, we have
be(N, G, Q) > by (G, Q).
O

In addition to the computation towards b in all the theorems, we also make a computation
to show that aside from Lemma [2.11] we probably should not expect any general comparison
of b-constant corresponding to different ¢, since the group G and the set N \e become bigger or
smaller as the same time.

Next we give another example where we expect by (G4, Q) to be incorrect as well, similarly
for the reason [[.3] and [£.3t
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Example 3.5. Let G = C31Cy. We have for G that
e Q(i): bs(G™4 N,Q) = 17,
e Q(v3): by(G™ N,Q) = 17,
o Q(uz): by(G™, N, Q) = 29,
o Q: by(G™ N,Q) = 19.

Therefore
br(G™4, Q) = 29, bar(G™, Q) = 19.

By C’onjecture@ we expect b(G™, Q) = by (G, Q), since both Q(us), Q(i) and Q(v/3) cannot
be embedded to a Cy-extension.

3.2 Field Counting: Number Fields

In this subsection, we give statements on b(G, Q) and b(G"*¢, Q) in Theorem Theorem
[L.6] and Theorem

Lemma 3.6. Let ¢ be an odd prime number and d =[], p;" # 2 where p; are all prime numbers.
Let G = Cp1Cq C Syq and ged(q, |G|) = 1. Denote ged(d, £ —1) =[], pi*. Let s = val({—1) —1
when valy(d) > vala(£ — 1) and s = 0 otherwise. Then

0G.Q =[] -2

1,7 =S8,

Proof of Theorem[I1.3, over Q. By [AOWW24, Corollary 1.6] for d > 2 and G = C; 1 Cy the
inequality is satisfied as

Ly » !

2 dp—1) i1

where p is the minimal prime divisor of d. Then we have

b(G, Q)

= max b(Cy, F). (3.13)
F/Q,Gal(F/Q)=C4q
For G = Cy, by [WI'189], b(F, Cg) = bM(F, Cg) = [F N Q(,UZ) : @]

Recall the notation ged(d,? — 1) = [, p;" and d = [[, p;* # 2, and denote £ — 1 = [[, p;",
that is, s; = min{r;,u;}. Since Q(u¢) is cyclic over Q, for each n|ged(d, ¢ — 1), there exists a
unique cyclotomic subfield M = M,, C Q(u¢) that is only ramified at ¢ with degree n over Q.
Given n =[], pfi with 0 < ¢; < s;, it follows from Theorem that M,, can be embedded into a
Cgy-extension if and only if 1) =1 mod p;* for each p;|n, and 2) if M, is totally imaginary, then
vala(d) = vala(n). Notice that £ =1 mod p;"“, the first condition amounts to saying that u; > r;
whenever ¢; > 0, equivalently, s; = r;. For the second condition, M, is totally imaginary iff
nt (—1)/2iff vala(n) = valy(¢—1). Thus in this case, we require valy(d) = valy(n) = valy(¢—1),
i.e., r; = t; = u;. Therefore the maximal n where M,, can be embedded into a Cy-extension
can be described by specifying ¢;: at odd primes, if u; > r; (i.e., r; = s;), then let t; = s; = ry,
otherwise 0; at p = 2, if r; = u;, then we let t; = r; = u; = s;, if r; < u;, then we let t; = s; = ry,
if r; > u;, then we let t; = s; — 1 = u; — 1. It then follows that b(7T, Q) is this particular n, which
is [],,—,, pi" - 2° where s = valy(£ — 1) — 1 only when valy(d) > valy(£ — 1). O

Next we compute a lower bound for b(G**4, Q) for G = Cy 1 Cy and Cy2 1 Cy.
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Lemma 3.7. For G = CplCy C Spq with respect to N = Cg and G = Cp21Cy C Sys with respect
to N = C’fz. We show that
b(GTada Q) Z b¢(GTad7 N7 Q)

Proof. By taking T'= N, this can be translated to [AO21, [Alb22] and choosing any 7 : Gg —
G such that its natural restriction 7 : Gg — G/N corresponds to the cyclotomic extension
F = Q(pe) (respectively the unique Cy-subfield F' contained in Q(f,2)). Since they are wreath
product, there exists G extensions containing F. We then obtain that the number of G-extension
containing F' with rad < X has an asymptotic distribution with a(G'"V) = 1 and bs(G"*?, N, Q).
This gives a lower bound on b(G™4Q) already. O

3.3 Field Counting: Global Function Fields

Our main task in this section is to give a proof for the following lemma to prove Theorem

3t

Lemma 3.8. Let ¢ be an odd prime number and d =[], p;" # 2 where p; are all prime numbers.
Let G = Co1Cy C Sea and ged(q, |G]) = 1, Gal(F,(t )(W)/Fq(t)) = Gal(Q(pe)/Q) and q large
enough comparing to G. Denote ged(d,? — 1) =[], pj’

b(G.Fy(t)) = br (G, Fy Hp”

Analogous with the number field setting, for each X, we denote Ng (4)(G,X) to be the
number of all G-extensions over Fy(t) with discriminant bounded by X. For us, in order to
complete parallel statements with number fields, the discriminant of a G-extension K/F,(t) is
the product of local discriminant over all primes away from the chosen infinity place.

We point out a couple differences for counting extensions over global function fields, from
that over number fields. The first difference from Malle’s conjecture over number field is that, we
cannot state an asymptotic distribution for Nr,_(4) (G, ¢™), since there might not exist extensions
with discriminant exactly ¢”*. Combining the fact that all discriminant now is ¢, a precise
asymptotic does not exist whenever we get the non-existence (e.g. G = C3 over Fy(t)), no
matter if we choose to count extensions with discriminant bounded by ¢™ or exactly equal to
q™. Due to this reason, we state the corresponding Malle’s conjecture over function fields in
Conjecture [2f with ©(-) instead of ~.

Before we start the proof, we first give the following reformulation of Wright’s result [Wri89]
for abelian extensions when the abelian group A has (|A4|,¢) = 1. Notice that [Wri89, Theorem
1.3] only states certain weighted partial sum for abelian extensions. We now show it implies
Conjecture [2] for abelian group A.

Theorem 3.9. Conjecture@ holds for abelian group A when (|A],q) = 1.

Proof. Let @ be a global function field and as» denotes the number of A-extensions over k with
discriminant exactly equal ¢"". Recall that Wright has proved the statement that

> agmes g7 ~ Cg™)V - Pooi(m) + O(g™) 0, (3.14)

where a = a(A) and b = by (A, Q), and P,—; is a polynomial with degree b —1 and § > 0 is a
small positive number. Summing the equation from 1 to m and rearrange the terms, we obtain

NQ (A, q" Zq J/(l Z Z Qgmir-q —=5)/a o Z 1/(1 Py (i )+O(q7rL)1/a—6_

1<j<b—11<k<j 1<i<m

(3.15)
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Notice that the summation over i on the right hand side is also ¢/ - Pb,l(m) with P a degree
b — 1 polynomial. It immediately follows that Ng (A, ¢™) < Caq™/*mb~! for some Cs.
To see the lower bound, notice that

NQ(Aqm)-(Zq*j/“)ZC Y (@) Pa(i) + 0™V (3.16)

1<i<m—b+1

which implies that there exists C7 such that
No(A,q™) > Crg™/*mb~L. (3.17)
O

To determine b(G,F,4(t)) for G = Cy 1 Cq C Seq, we follow the similar idea in [AOWW24].
The plan is to apply Theorem to G = Cy over any Cg-extension F/F4(t). For each F' and
corresponding ¢, by Remark We have by(C¢, Cp 1 Cy, k) = bar(Ce, F) = b(Cy, F). Therefore
it suffices to prove that: a)

b(G,Fy(t)) = F’Gal(;r/lﬁ)%t))z% b(Cy, F), (3.18)
and b)

Fa X, b(Ce, F) = maxby(Crt Cay C{,Fy(t)) = br (G, Fy(t)), (3.19)
where ¢ varies over all G ;) — Cq. In , the first equality is tautological, and the second
equality follows from Theorem 4.1} indeed, all abelian quotient G/N with ind(N) = ind(G) must
contain N = C{, and if ¢ with smaller quotient can be lifted to ¢ with Cy-quotient, then by
Lemma [2.T1] case 1, it suffices to check all Cy-quotient. Theorem and Theorem [£.3] forms the
second major difference of function fields over number fields: not every cyclotomic extension
can be embedded into a bigger cyclotomic extension over number field, but they always do over
function field. See Section [4]for more discussion. This is the main reason leading to the difference
of b-constants over function fields and number fields in this paper.

Finally, it remains to prove (3.18), that is, the analogue of the inductive argument in
[AOWW?24] over function field. We sketch the idea as following. For each Cy-extension, we need
to count Ng(Cy, X over a general Cy-extension F'/Fy(t) with the predicted a and b-constants, in
addition to an upper bound on Nz (Cy, F') with a uniform dependence on Disc(F') that is small.
Finally, adding up all Np(Cy, X) with the uniform dependence to show the total counting satisfy
(3.18). We now point out a third interesting difference over function fields from number fields.
The uniform dependence on counting abelian extensions are exactly characterized by the size
of the /-torsion in class groups of F, which can be bounded by Disc(F)'/?~% with different &
depending on what Gal(F) is. See [AOWW24] for relevant references. The ¢-torsion of the class
group for a function field F/F,(t), instead of being bounded by Disc(F)° for some fixed § > 0,
has a trivial bound 29 where g is the genus and is linearly determined by the discriminant of
F via Riemann Hurwitz formula. When ¢ becomes larger and larger, the trivial bound behaves
better and better and can be considered as bounded by D€ for arbitrary small €, as long as ¢ is
taken to be large enough with respect to €. This leads to many more cases of Malle’s conjecture
being proved over function field.

Before we give the proof, let’s first give a summary of the class field theory over function
fields. For us, given a finite function field F/F,(t), we obtain the ring of integers Op that
contains all elements that are integral over all finite places (not including the places above o),
which is the integral closure of F,[t] inside F. We define the ideal class group of F' to be the
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class group of the ring Op. It is a classical theorem that the ideal class group is also finite for
function fields. But unlike number fields, F' can have many infinite unramified extension, which
is just the constant finite field extension. Relating the ideal class group with idéle class group
Cr, we obtain the following

[1,0X x FX —— Cp:=[[,(FX,07) x FX/F* Clg 0,.
We then have show that

Theorem 3.10. The ideal class group of a global function field is isomorphic to the Galois group
of the mazimal abelian unramified extension that is split at all places above infinity.

On the other hand, by [Ros13l Proposition 14.1], with S = S, we can relate the class group to
the Jacobian of the curve Cr corresponding to F' via

Cl% — Clp — Z/(d/i)Z — 0, (3.20)

where d = ged,|o{deg(v)} and i = ged, {deg(v)}, and C1% = Jac(Cr)(F,) is the Picard group.
This means that we can bound | Clg[{]| < O(£?9) by the structure of Jacobian.

Lemma 3.11. For any finite function field F/F,(t), we have | Clp[f]] < Oy(£%9).

Lemma 3.12. Let Q be a finite extension over Fy(t) and ¢ be a prime that is relatively prime
to q. We then have
No(Cp, X) = O(C(£)29) X /(o) Inb(CeQ-1 x

where the constant C(£) only depends on .

Proof. Denote a = a(Cy) and b = b(Cy, Q) for short in the proof. It follows from class field
theory over function field that

Ni(Ce,q™) < O(*™) - Homex ([ [ O, Co),

where Hom([[, O, C¢) denotes the number of continuous homomorphisms from [[ O to C,
with bounded discriminant. It has a generating series which is usually called Malle-Bhargava
series. The series is an Euler-product and can be compared to standard zeta functions

f&):= JI @+ E=DR|7D%) = Ho(s) - Coun (£ — 1)s)" ). (3.21)

[v|=1 mod ¢

Here Hg(s) is a holomorphic factor that is uniformly converging at Re(s) > 1/a — € for some
small € > 0. Now letting u = ¢—°, we define g(u) = f(u(s)) = >_,, amu™. Since (g, (s) is
meromorphic except at its poles, and Hg(s) is holomorphic at Re(s) > 1/a — €, the complex
function g(u) is holomorphic within the disc |u| < ¢=*/“=1) and g(u)/u™*" is holomorphic
everywhere in the disc except at © = 0. We then have for small 0 < § < € that

, 9(u) / 9(u) g(u)
278 - Ay, = / du = du — Resy—u, —=, (3.22
|u|=q—1/(t=1)=s umtl |u|=q—1/(E=1)+3 umtl uflqu 0 ymtl ( )

by shifting the contour integration from the smaller circle to the larger circle. The only possible
poles for f(s) with Re(s) > 1/a — € are at s where ¢°° = ¢, i.e., sy = 1/a + 2wi/alogq - k,
therefore the possible poles for g(u) are u(sy) = ¢~/ - uk.
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We now estimate the terms in (3.22)). The residue of g(u)/u™*! at u = u(sy) will serve as
the main term for a,,. (add —1 since C; reversed direction in the second contour integral)

g(u) _ b (m + b— 1)' —m _ —km
(2 Besu gy = M) Smgudeo) ™ 2, Reste = s (3.29)
e mod a

where u(sg) = ¢~/

integration can be bounded by

and (m + b — 1)!/m! is a polynomial of degree b — 1 in terms of m. The

max lg(u)| - R=(™+Y .27 R = O( max |g(u)|> - gt/a=om (3.24)

|u|=R=q—1/a+3 |u|=R=q—1/a+3

which is power-saving from the leading terms. The dependence on the base field @ is from
Max|, |- gq-1/a+s |g(u)|. Here g(u) = (qu,)(as)’. By [Ros13, Theorem 5.9], we have

¢ _ [Ticicoy (1 —ig™)
Q(pe) (1—q)(1—q¢"9) ’

where |a;| = (/g and g is the genus. Therefore on [u| = ¢*/%*® we have
lg(u)] < O(2%).
Combining above, we obtain that there exists € > 0 such that
= O(q™*P(m)) + O(2%9¢™/*~), (3.25)

where the polynomial P(m) has degree at most b— 1 in m and the constants can be understood
by expanding the rational polynomial. Via an explicit computation, we have

—s s—1 _ i j
CQ(HZ)(S) ~ H(l — 59 ) : (ql_s — 1)(1 — q_s) - (Z bl(s - 1) ) ! (Z a’j(s - 1) )7

where a; and b; serve as the coefficients for the Taylor expansion around s = 1. The a; does
not depend on Q. The polynomial P(m) depends on the first b coefficients of (g(,,). We can
compute coefficients b; via taking derivatives of the (-polynomials directly, as an example,

l)ozl_[(l—ozjq_l)7 b1 :bo-Zajlnq~q_1(1—ajq_l)_l,
similarly, we can compute b; and obtain that for 0 <j <b

b; = 0(CY)

for some constants C only depending on b and g. This finishes the proof for a,, = O(C9)q™/*m>~1.

The statement follows by adding up over all ¢"* < X.
O

Proof of Lemma[3.8 Firstly, it is easy to compute that by (G, Fy(t)) = ged(d, ¢ — 1) by Theorem
by only considering ¢ exactly corresponding to cyclotomic subfields of F,(t)(se).

Next in order to show it is the true counting, it suffices to prove the equality from
previous discussion, i.e., give the inductive argument for this case.

We need to firstly show that the number of Cy-extensions L/F with Gal(L/Fy(t)) = Ce1Cyq
for each Cy-extension F/F,(t) is bounded from above and below by X!/a(C¢) In®(Ce=1 x 1t
is clear from Theorem that the upper bound holds. Let v be a place in F,(t) that becomes
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split in F', and v = [[, w;. The number of Cj-extensions that are ramified at w; and unramified
at all other w; can be counted by [Wri89, Theorem 7.2, Theorem | (together with the remarks
after Theorem 7.3), and has a leading term with the same order with the total counting. All
extensions satisfying this local condition have total Galois group Cy ! Cy, since the Frobenius at
v generate CF in Cy 2 Cy. This implies that the lower bound for N (G, X) is X'/*n’~* X where
b = maxp b(Cy, F).

Secondly, we need to show that we can add up each counting over all F'. With the uniformity
proven in Lemma we have that

N(G,X) <> Np(Cy, X/ Disc(F)") = > O((C)?") Dise(F)~") X" " X,
F F

where

O (C)Fq=129=2)) = O(1),
F

as long as ¢ is large enough comparing to ¢. Therefore we prove N (G, X) has an upper bound
and lower bound with the same order

a = a(C), bzm}f}xb(Cg,F).

4 Embedding Cyclotomic Extension

In this section, we would like to consider Problem Precisely, given a surjective group ho-
momorphism 7 : G — B and a cyclotomic B-extension F'/Q (equivalently a surjective continous
group homomorphism ¢ : Go — B), we say the embedding problem &(Gg, ¢, ) is solvable if
there exists a continuous group homomorphism ¢~) so that the following diagram commutes. We
say &(Gq, ¢, m) is properly solvable if moreover 6 is surjective.

Gq
Lﬁ
-
B

0 —— Ker(m) G ——

N

We are going to see that the crucial difference between global function fields and number fields
is that Gal(Q¥°/Q) is projective for function fields, but not for number fields! Theorem and
Theorem serves the purpose to give a flavor of this question on two sides. As embedding
problems are studied a lot but not from this perspective, we do not claim they are novel from
the perspective of technology or strength.

4.1 Function Field

Theorem 4.1. Let Q be a global function field with mazimal constant field F,. For any cyclo-
tomic B-extension ¢ : Gg — B and a surjective group homomorphism m : G — B. We have
E(Gq, ¢,m) is always solvable. If (Ker(¢),q(¢—1)) =1 and Ker(¢) is solvable, then &(Gg, ¢, )

s always properly solvable.
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Proof. Firstly, by [NSWO08| Corollary (9.5.8)], it suffices to show that &(Gg, ¢, ) is solvable.
We are going to show that it is always solvable. Notice that we can decompose ¢ = ¢1 0 ¢g as a
composition of ¢g and ¢y, therefore it suffices to show that (G, ¢1,7) is solvable.

Gq
Jo
chc

Q
¢1// iﬁbl
K’ .

B

0 —— Ker(n) G

The group G ~ 7 is a projective profinite group, therefore & (GG, ¢1,7) is always solvable.
O

4.2 Number Field

What makes the key difference between function fields and number fields is that Ga)yc is no
longer projective as a profinite group, therefore it is not always possible to embed a cyclotomic
extension into a bigger G-extension. In general, it is a difficult question whether &(Gg, ¢, ) is
solvable for a given ¢ and 7.

We firstly give an analogue of Theorem[f.1] The analogue of constant extension from function
field on the number field side is the Zy-cyclotomic tower. This leads to:

Theorem 4.2. Let p be odd and G be a p-group with a surjective m : G — Cpr and ¢ : Gg — Cpr
corresponding to any cyclotomic subfields of Q(pp). The problem &(Gg, ¢, ) properly solvable.

Proof. Firstly, by [NSWO08| Corollary (9.5.8)], it suffices to show that &(Gg, ¢, ) is solvable.
Since Gg factors through the unique Z,-extension over Q, it can be always lift to G. O

Next, we give a full criteria for £(Gg, ¢, ) when G is abelian and @ is an arbitrary number
field. Notice that for each place v of @, the map ¢ induces a local map ¢, : G“Qi — G“Qb — B,
therefore induces a local embedding problem & (Gcébv , ®u, 7). Central embedding problems satisfy
a local-global principle, i.e., &(Gg, @, ) is solvable if and only if &(Gg,, ¢y, T) is solvable at
each v, see [MM99, Corollary 10.2].

Theorem 4.3. Let G be an abelian group and Q be a number field. The problem &(Gq, ¢, ™) is
properly solvable if and only if &(u(Qy), v, ™) is solvable at each ramified v.

Proof. By [MM99, Corollary 10.2], &(Gq, ¢, 7) is properly solvable if and only if &(Gq, , ¢v, 7) is
solvable for any v. By class field theory, for a finite place v, we have Gabu ~Qy ~ 7 x w(Qy) X Oy

where both Z and &, are projective profinite groups. Therefore to solve &(Gq, , ¢., ) it suffices
to solve &(u(Qyv), du, ). O

Example 4.4. Let Q = Q, an odd prime £, and d > 0. Let n|ged(d,£ — 1), and B = C,, and
¢ : Gg — C), corresponds to the unique Cy,-sub extension F' contained in Q(ue). By Theorem|4.5
it suffices to check the local solvability by v = ¢ and v = co. Notice that (£,0 — 1) =1, the prime
¢ is totally tamely ramified in F'. The local map ¢, then maps u(Qp) = {pe—1} ~2/(¢ — 1)Z by
sending the generator to generator of C,. In order to lift ¢, the only way is to map the generator
of u(Qe) to g € Cq such that g generate C,, and ({—1)g = 0. Writingd =[], p;*, {—1 =], p;",
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ged(d, € — 1) = [[, 0" and n =[], pi*. We consider all abelian groups here as a direct product
of cyclic p;-groups. If ¢(g;) = 1 for every p;|n, then we need (¢ —1)g; = 0 for a generator g; in
Cy, equivalently, this means that u; > r;. At v = oo, if ¢ is totally real, i.e., n|(¢ —1)/2, then
always solvable. If nt (¢ —1)/2, then it suffices that 2g; = 0 and ¢(g;) has order 2. This requires
2-Sylow subgroup for Cy and C,, being the same.
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