
 

Office Hour i 1 lion hoon

Starting from this Thursday

Classification of Finite Fields fields with finitely
many elements

Claim 0

If a field F contains finitely manyelements then
Recall charif is the smallest

char F ca
positive integer m o s t

I 1 It 1 0 C F
m

SPf Consider the set I 2 I 3.1 m l EF

which only contains finitely many elements

If chance o meaning m 1 10 for any me 2

Then S will contains infinitely many elements Contradiction
I

Recall we showed before charity must be a prime number

h TIP h 1 0 Pln p 1 0

since there is no zero divisors on F



Claim 1 If chareF p IFI is then IFI p fori

some n E Z t

Pf If charcf p then 0,1 p i E F

is a subfield Ftp Zp so F is a field

extension of Ttp So it is a vector spaceyep

say with dim n We know n is because 11 1 a

Therefore F contains ph elements since any dimension

in Fp n s contains p elements I

A Any example of fields F s t

1 CharCF is

2 I F

eg F Eph fg I fits gets Cftp.LLI

1 is a field

F is still a field extension of Fp therefore charcFlap
t 12 13 are all different elements in F So

11 1 0



Our main goal is to show the following theorem

Thm There exists a unique finite field F s t

11 1 15 9 for every p and every n

Pf Existence It is clear

a field extension of ftp
U F P so I must

Let fix XE X E ftp.IXI let K be the

splitting field of fix over Ttp

Recall splitting field of fix C Fix is the smallest

field extension f EK St fix II ex di C Ktx 1

or equivalently The smallest field extension containing all
roots of fix

Claim 2 S E E KI fc2 to

tmkean.mg
split.mg ThenFfs E K is a subfield of K

field of fix Pf If 27 2 if Lz then

Tt l Hit 22 2 1 2 use pl combinotoricP number
2

E

3 I 2 Lz 21 L

Ftp E S since a CFp satisfy
p lL I



Lemma Given a finite group C with ICI n

Then g e for all GE C C we will prove this In

next class multiplicative grp of a field
Notice Ftp o Ttp is an abelian group with lFp4
p l So by the lemma XP L to c ftp
so XPe x thus I 1 P

I
g times

so S contains all roots of fix Then S K.by
definition of splitting fields
To show ISI p it suffices to show that all roots

are different
Claim3 fix has distinct roots

pf Suppose fix has repeated roots fix 111 4

fix Lx xf gex where fix _T CX x
iC I

then f X 2 x X gex x XP gex
where fix is defined to be In an.mx for Ian X

Then flex o But f't x g X I 1 since p1q
Contradiction I Remark product rule also holds with

this new definition of flex

Then we know 1st p So we finish the existence



bigness If F contains ph elements Consider

its multiplicative group F F 03 IF't p 1

elements So by the Lemma before I I 1 for all

X E F So 29 2 So all elements of F

are roots of fix XE X so F E K the spliding

field of fix we know 114 p because

in

Fp
D

Q Do we always get the Spl my field for fax
by ftp.LXI fu for irreducible fax c Ttp 1 1

Ans Yes Requires a proof I left as an exercise

Corollary Finite fields with f ph elements denoted by

Eq is the set of all roots of fix xE X

Q How to find a set of basis for Flq as a

dim n v s over ftp


