
 

Group Theory

Fg g p S ol 6 Fg Fg ring homomorphism

n o Sx S S
G T GOT

FP

Efg FpI n Fg Fg 6kg

1hm S o is a group

Pf 1 identity map id Fg Flq

Gold Ido 6 G

2 G T E S then Got C S

GoL At b 6 Tca Tcb 6 Tca 6CTcb
T 9 9

X X

GOTC I 7 6 l I

3 78 ES St So 6 608 id
4 Associative Law Gotog Got 08 natural follows

composition of maps

Side Question Ahs Keri 6 o since Keris is an ideal
c S in Fg But Ffg is a field so its ideal is
Kero

either 10 or Flq So Keri6 o because

6 I to So 6 is actually a ring isomorphism



Fg
6
Flq is both injective surjective

following from Keri6 O

b a CFg I x C Flq st 6cx a call 6 ca

So we define 8 Rq Fg
a 6 ca

We need to show that 8 ES

Sc a b Sc Gex t Gcp

say 6cm _a Sc 6cL tf
614 b L y f Sea t 8lb

same thing holds for X Ey

Rmk since Ttq contains finitely many elements

S E maps between Iq and Fg must be finite

Examples for finite apps

eg Ttp Ttp 803 Ff p prime gph

2 Zm o i m i t
F F is a field

R 1 R is a ring although might not be

finite

AU previous example we encountered are abelian apps



Example for non abelian finite grps composition

Sn permutations of n leters o

6 i z n i z n f 6 is bijection
G T a 0

h 3 I 2 l z

2 3 2 I
3 I 3 3

Q How many elements in S3 6

3 2 1 3

Q G o T To G
3 I I

2 2 2 3
3 I 3 2

GoTel 1 6 Tcl
612 3 GOT f To 6

Def l grp homomorphism Given f C G a mapbetween

grps f is a grp homomorphism if fia.abs fcaj.fi

Notice by def fled _e

Def l Subgrp Given a gap G a subset H E G is

called a subgrp if H is closed under grp operation

and taking inverse



Suppose G is a finite grp and H E G a subgp

We can define a relation on G n
Read similar
definitions in a ring

g g gi g E H with respect to an
ideal

Lemma n is an equivalence relation n n s
r r EI

Pf b g ng because g g C H
e

2 g ng then ga g because

gi g EH gi g EH

37 Ging Jing then g ng beause

gi gEH gig EH g
TIIT

Ls EH

Therefore n gives a partition on G

into equivalence classes

Fix g EG what is EgI x C at gnx

gnx g
1 x E H S XE g H

n o

g.ch hEH

So Ig I g H



Q How many elements in Eg 1
A
IIgI H
since elements in g 1 1 are all different

g h g hz then h hz by cancellation law

i
a

Def index The index of H in G is the nub

of equivalence classes of n Denote index by
Gi HI
Lagrange

Thin 191 1111 EG H1

Pf G UGH is a disjoint onion of equivalence
classes

Deft coset We call g It a coset of H

Recall Lemma from last time

hm.la n Then bg e G g e

T Afyinit grp
Defc cyclic grp C is cyclic gnp if 7 gea s t

everyelement x C G I ke Z s.tn gk g g gfor
g is called a generator for the cyclic grp b times

Eg Zm 1 because I is the generator
h It I 1 c I

u times



Claim A finite cyclic grp has to be isomorphic to

Zm 1 for some m
Pf Let g be the generator Then the grp contains

g ga g gk g ghee
positive

where n is the smallest v integer s t g ee

Then GE Tkm 1 as a g p f A grp isomorphism
is a

gap homomorphism that is
by mapping S

l
injective and surjective

DefCorder Given GE C the order of g is the

smallest positive integer n O S t g e EG

We will denotesubgrp generated by g to be 6g
E G

Proof of thin 0

Given GE G define H g to be a subgrp

and It is cyclic It It is equal to the order of g

By the theorem of Lagrange 191 1111 EG HI

glal g
I
etc e II

Application Fermat's Little Theorem

b pkn EZ hP I Cmod p

Pt Apply Thm 0 with Ttp where IFp I P I I

Warning Tfs is not 225 although Fs Zs
g

Zm is a field
m is prime



Ftz t 2 5 1 are not the same as gaps
since 5.1 0 In Ffg but

5 I fo in Dus

Q Why is 1cg I ordegs

g e g g 13 suppose ordcgi

ngk.groer n

suppose gt g then g hee Wha h ru

contradicts with n being ordcg


