
 

Sylow Theorem

Recall the theorem of Lagrange 4 H E G a subgrp

of G then 1111 191

A it n I l al does there exist subgp H E G sie

IHI n

Set up 161 p m palm

Iet 1 Sylow p sabepp 1Gt p m with ppm then

a subepp HE 9 is called a Sylow p subgp it
141 p
General Answer for Q is negative but in this special

case pd.m tclp.fm the answer is yes for pd

If this holds.la n pY pE.p53 Pnm Pip

suppose for each 2 7 Hi E C IH p

maybe C Hix 112 1134 x Hk direct prooleet

side 19 94 191 lay

eg C Sz the smallest non abelian finite gap
to see this it suffices to

gothrough all finite
gnp with order E f



What is Sylow 3 subgp of Ss Az Cz
z il l

G 11233 o i z
1531 6 2 3

Gz Az Gz 12

rotation for 413
Sylow 3 subgp in
of G

out

c

there may be more than one Gp for a and p

Gz Sz since these exists elements of
12 12 order 6 in Csx Ca but
3 Ca

no such element in S3
or abelian f non abelian

Def nilpotent gop G is called nilpotent if

C TinaGp

Sylow Theorem a Sylow p subgp exists
b all Sylow p subgps are conjugate to

each other it Hi Hs are both Sylow p
subgps then I g e G s.t

Denote
8418 Hz

c hp to the of Sylowp subgps of G
n p m then

PYM hpl m

hp El mod p



Tool Grp action

Def carp action A app action is app homomorphism

G PermCX f Sn et n 1 1

where the gnp operation in PermcX is composition

yo c Permit

Deft transitive A app action is transitive it

H x y E X 7GEG s t 4cg x yd
in short we will write

g x y
Example Given H E G X let assets of H

G Perm X
is this a bijection x

41g d
g x H 1g x H

xn'MEH eqTgh1 la IX
is a app action i new IHI

41g is surjective i f y H in X we can find

g y H in X s t

g g y H y H

since X has finite size X is injective

is gyp homomorphism

9cg ga x H gig xx H

4cg o cg X H 91g f g x H



I I
G Six H

so 4cg gr Oig 0cg

0 Is this of transitive

K Gah g H we can find gg g E G s t

0cg gut g 95 gut g H

Def l stabilizer orbit is a gap action x EX
stabilizer

then.v Stab i gCGI g x X and

orbit Oxi YEXI 1g sit g x y3

Lemma Stab is a subgp of G

Pf it g C Stab then g X X

gi x x

it g E Stabx gzE Stab then

19 gz x g g x

g x X

e E C fixes every x C X D

Claim We define x y in X if 7gear s t

g X Y Then r is an equivalence relation
easy



n gives a partition on X

Lemma is a grip action of C on X Then Ex EX

stab
10 1

Pf There is a bijection between

let assets of Stabx 3 and y l y C 0 3

g Stab g X
i

g sx gx ywell defined go Stab

surjective v f y C Ox G Linject've V then

SIX y gi.gsC Stabx

gi.gl cxs gitxlgzxx

gi y x

Then Iffy 10 1 D

Example X E au subgps of G

G Permit
101g

g ti gHg
cheek is a gp action 1 01g is bijective

lolgig 0cg o ga



Tor i swig gHg H

2 gig Haigh g g Hajj gi

Det normalizer Given H E G we define

N i g E Gl GHg H

Fact MH Z H is another subgop of G

Stably NH in the conjugation action of G on subgps


