











































































































Galois Theory

Motivation How to solve a polynomial equation
h 2 b Fac
fix a XI bat c o x

Za
h 3 I 1500 1

fix ax bx4 cx d o 0oz bZ3ac
0 zb3 9abct 27add

c go.ee4Tootnja Cbt C gk O_0 2

94C
K 0 I 2 3 73

h 4 fix _ax4t bx't c x dx e o 1500 1

A Can you still find a formula for a generic quartic
polynomial I Ask google wiki

Ans Yes
n 5 fix _I Anx

hE5

Galois n 25 Ansi No

Such a formula does not exist for n 4 Igorot














































































































Def I F automorphism of K Given a field extension Kfp

Artily 6 K KI a
aa ring composition

F automorphism of Kis a gyp 6 is
called

eg Fa
y

6 Fg Flq 6 is a ring isomorphism forms a

F grp under composition

i Ttp Fp

Cg 01521 id

1 Galois
Q a

Gi DENT QEII
6 has to fix Q elementwisely

G T2I QEII

6152 J2
then I field isomorphism S t 6152 T2

AIT2 atb 12 I a BE a
6C at bd2 Gca 6lb J2 61a t Gcb 6cT2

uniqueness a t b 642

61525 Gc Tz 61 2 2existence y
T

T2 2 0 1 T2 or T2














































































































F 02721 is defined by fix x2 z

b x C F if I 2 0 then

6C 2 610
il

61 5 2

6 has to map or not to another root

For FDEFYg we actually prove that

a uz
I Cz

cyclic grp of
Aue Ffg

id T2 I order 2

T2 Es J2
6

C Tz Tz

eg E QEII ER 02352 A s
a

3
noe Galois

Anti F a

GEE 1 9 at bsfztcsd4 la b c EQ

If 6 fixes Q then

scat b'T2 d I at b 6142 it c 65525

The value of 61352 completely pin down the

value of 6Cany field element














































































































Where can I map IT to
root3

12 is X3 2 0

6 2 6 o o

11

6,31 z 13 2 0
11

T 352 T Tz 9 T II Is
a 9 9 0
Vi Zz 23

So we have at most 3 choices for 6 Tz
if 6552 352 this induces identity on F F

61352 35273 Ef F

Therefore oc3T2 is the only choice

Anti F a le

This motivate the concept of Galois extension

Def normal extension A finite field extension 14 is called

normal if b fix irreducible in F 42

fix has a root in K fix has all roots in K

Ronk All finite extensions onen Flq are Galois I see hw 8

Def Galois extension over A finite extension K over Q

is called Galoisextensiononeri it Klee is normal
















































































Suppose 14,0 is Galois 2 k Q x C E
algebraic umberK Q 41

I t.x.sn xk3 is
1 smallest k.at linearly dependentQ
this 2 a x o gives a

fix I a xi
irreducible in Q 41

Then AIx1 Ao It aint t Aax fait la
KAk X

Q AntiKha
Ii

fix X d X Xa X k E K Ext

ft I A O

T66
Gcfk I Ai GcaWH

T

I ai T o T must be a root of fix
T must be 2 for some I

T has most K choices X x

1 1 K
We can prove all choices 7 1

a ring isomorphism of 62 K k s t 6,125 2



I Aut Kia K

Ex 17 fIx E Q 41 is irreducible then fix has no

fix fix has common roots
double nots Greekmid

term

For each specification of Gil a L

6 really extend to a field isomorphism

Def Galois Crp If Kya is a Galois extension then

Call Kla _Anti Kia
is called the Galois grp

Lemma Primitive Element Thm Every finite extension over

can be written as A 41 for a sort of an Irreducible

polynomial 4 1 EQ K2 degcf LAIR Q1

Rmk doesnot require ext to be Galois

Check hw Clift 151 AIR E I A 551 10252 55

Thin If Kya is Galois then ORI

aahKio I LK AI A


