
 

Galois Theory

Recall Last time Thm If Kla is Galois then

k Q1 I Aut Kla I

Converse Thm If I kill Anelka I then Kha is

Galois

Pf Given x C K with fax C 2 1 is the minimaldegree

polynomial s t flako We want to show that all roots of

fix are in K
Construct another polynomial fTX TI l X Gex

6CAnt Kla

Claim Fix E Q 41

We notice that after expanding terms of Fox then

all the coefficients are fixed by any 6 CAntaya
9 6oLI Ei Tiana

p
So then all coefficients are in An element in K

fixed by everyGEAutlkia must lie in Al since otherwise
BfixedbyAntk teIAntikleelf lantcklazpz I

0431 try
Ek Q 411

I T ki Q1 general statement
that IAnti14171 EEK F7

Condition Civen by primitiveelement thm
e



Since fCX 0 Fix o

f F E 02 7

so fix I fix
since fix splits in Ktx

So fix splits in K 1 7
I

Thm Kia is Galois IK QI IAutckia I
S K is a splitting field of
certain fix C 041

Fundamental Thm of Galois Theory Antalya when
11 K Galo

Let 140 be a Galois extension with Gale a

1 Then there is an one to one bijection between

subfields of K and subgrps of G
Fields Corps

K e F s Anti 141 1

I 1
I H TizF H K c H

iiI I saektvh.EE'd
G

One can easily check
that k is a subfield



2 He is always Galois and with Gall 14 Anti14ps E
Auto140,7

3 F a is Galois Anti 141 70 Anti Kla

Pf 1 IT oTiz id
The zoa id

T ad 22 are inverse of each other

and gives a bijection
So we just need to show Thots id area id

This proves 23 in Thin
Claim For arbitrary subtied DEF EK we have

KIF is Galois
Given LEK define fix E Q 41 to be the

minimal degree poly with fix o

define f Ix E F 41 to be the
minimal dey poly with fuk 0

fi f LE F 47 fix fun 0 so

fix I fix
But f splits in K so fz Splits in K e

Therefore Kif 1 1Autlkle't

Claim H E Anti 14km f E KAM
HF

e k k le Obvious
The th l z

l
H K F Antikle
l l l lG Q Q a



Claim 3 Given a subfield Q EF Ek denote

H Anti 141 7 and F K then F F
This is to show Tho I id
fields grp field
k Sel k

Galois f t k't
F Autckft H y p

a a a claim1
x

KiFI 31 kik I I Aut l14km7131111 Kif
9 9 9

Claim 2 Claim Claim 2

I
So KH p

Claim Given It denote F K and IF Auto141 1 then
1 This gives 7h01 id

4 17
grp field 8D Suppose HIC 1171 then
Sel k se

I Iz f 4 say K KHExt
H KH Tu
I F 3 Antikle H then fix IT X 6KI I 6thG Q G

so all coefficients will be fixed by H so

fix E F2 1 then the degree of fix is 1H

but the deg of Ek K t HII IHI

So contradiction So 114 1171 and H F
D



3 If Ffa is Galois then

define f Anti 14a Aut F a

Gi k 5k GIF F F

If if F goes back to F since F is Galois
Fuelemental

then by Honorarph's Thu for Corps

ImcfAntilla
Autlk F

Compare size f is surjective

I AM 4 Yµec µ I IF I I ImifilE Anttila

Imf Anti Fha

Antlkle is normal since it is Kerifs

If N T Anti Kia then
For general

K K H 61 16 1 subgrpI then k't 61kKH 61kt Kotto
I 1
Q Q

61K K
This guarantees

so if N is normal they 6 K k

so there again we can construct



f AntiKya Anti Ffg F K

Kercf Anti 141 7
Soby FHT

for grp
A Imfwell40

pickle
compare size we get Imf Antaya

Anti F a I EF Q1 3 F is Galois
D


