
 

Galois Theory

Last time we proved that

Klee is Galois s IAut114011 k Q1

Weare taking the definition for Galois to be
irreducible

normal extension meaning fix hasa root in k f splits in K

Rmk i If you readtextbook then def for Galois is
1Anti kid I EK Q1

Rink 2 If you read other books separable is includedin

the definition we simply drop this separable since

all field extensions we talk about Yp with char 0

or finite exts over Fp or Rq

We want to show non that

k being a splitting field of a certain

polynomial fix E QUI

practical useful criteria to prove some field is Galois

7hm Kia is Galois s K is the splitly field
for some fix c Elle

Byprimitive elect this
Pf K DELI then say fix is the minimal

degree poly in Qtr sit fix o

Then since Kid is Galois then all roots of



fun is in K so fix splits in K

And since K 0221 is the minimal subfield of
that contains So K is the minimal field
where fix splits
suppose K is the splitting field for fix c 02 2

say fix IT X a we will prove that2 1

IAutlkkaI Ik I by construction

To construct a field automorphism 6 K 3K

we construct by induction over K AIX x I

k Ix 2nd Firstly we court the
ki umber of inclusions

kj QLQ.dzI M
6 K AQI C K

Ki QIN ERI
Harold If f ex is the minimal

shares the degpolynomial s t
same irreducible 12 1 0 then
poly

eg 023521 E QEII 9z Ik O 7 degcf
I 2 of roots of

a 552351 f
I 3 f If so f also splits in
Q K i e all the roots of f

are in K



So there are defCfi many choices to define G

by 6 Airi Is 0k a 41 K

where is arbitrary root of fix
Now for the next step we consider

62 Q Lx L I c k
I I

6 AIKI M

I 1
Q Q

To define 62 we take fax E K 2 1 sit fax is

the minimal dey polynomial s t fuk o

fix I fix so fux splits in K

AIL xz1 AIL I dey fix
of roots of fix

th of extension of 6 to

4 62

Ex Given A24,7 M and fix imederickle E 022.24

denote fix Yc fix then there is an isomorphism between

thefield OH.IM fyx
M

fix 7

We have shown for each fixed G there're E ki K 1

extensions to A So altogether the of a lez K



is Kik 1 Ki Q1 ka Q1

By indention eventually you will get

Gn e kn Q1 which implies lAntLk1 s1 IkiQ7

s K is Galois D

Application

Deft Galois app for a polynomial Linen fix C El 47

Calef Call Kf Q
where Kf is the splitting field of fix over Q

eg
fix R Z Calif Cz

Gall QIT 7 o E y I

fix X 2 1 2 5 Calif Cut CZ y elements

x 7 2 110 6 Tz 152
E ITS

and G id t o E Calif

We say fix is solvable with radicals if
the roots of fix can be written as 1 X and

taking radicals of numbers in Q
bt Tb4aeaxkbxc.io x 2A

fix _f 2 1
2 511 23 you can still solve by radicals



But generically if you write down a random fix GATE

with degree n 25 then fix is not solvable with radicals

Thin If fix is irreducible in 62 2 degcf en
then

CallKf11A E Sn

Pf Factor fix Ft X di and Kf Ack 2h1
1 1

6 kg Kf induces a permutation of Qs

and we define I E Sn Tsc is j if Adi Xj
Since K CELL 2nd So if 612,7 2 for all I

then G id automorphism Therefore GaleKfW ESn
D

Runk Interesting Fait i a random fix then Gall f Sn

Thm If fix is solvable by radicals then Ktla

has a solvable Galois grpor
recall C is solvable iff ee G E c Cn 1 hiya is

abelian

Pf kn se By fundamental term for Galois theory
I I we have a correspondence between
kn Cin i
1 I Sufields subgps
i

Suppose fix is solvable with radicals
K2 Gz
1 I say Fa where a c I appear in the
K C
de a expression of roots



then kaQIµa1 splittingfield of fix _Xk a a EQ

Effoider THE splitting field of fix X
Q

Call QI9k1 Q is abelian since

Gi 9k fit notice not all integers work for
i eg 94 94

GioGj go q g g d

Gall disk Tat la 1 1 Ti II Ta Sii

T.ioTj Tj o 4 Kfa Ja gEJ

So we get hall DISK I
o is solvable

Inductively taking all the roots in the expression then

we can get a sequence of field

Q E K Eka E E kn

that all ki ane Galois by construction
J G ZG 2h22 2 Se

where Gila is abelian

Notice that fix splits in Ku via constration

so Kf is a quotient of Ku and solvable grip



has solvable quotient so Gall Kf q is solvable

CLIENT FEI fix E F 01

di T2 manoe I t

be Gold's DIII p find the
over 0 I

Q

Rink Galois entension over Galois extension is not

necessarily Galois

z abelian extension over abelian extension is always

solvable after taking the Galois closure over dc

equivalently splitting field over El

Coro fix with def 35 is not always solvable

with radicals because Su is not solvable when

nz5

Start 130pm End 530 pm

abc
4
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